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AHHOTail,HH 

A subset S of fc-ary n-dimensional hypercube is called latin bitrade if 15* fl G {0, 2} for 
each 1-face F. We find all admissible small (less than 2"+^) cardinalities of latin bitrades. 

A subset M of fc-ary n-dimensional hypercube is called i-fold MDS code if |M n F| = t 
for each 1-face F. Symmetric difference of two 1-fold MDS codes is always a latin bitrade. 
Symmetric difference of two i-fold MDS codes may also be a latin bitrade. In this case we say 
that latin bitrade embedded into t-fold MDS code. The intersection of t-fold MDS code and 
a latin bitrade embedded into it is called a component of the code. We study the questions of 
embedding of latin bitrades into t-fold MDS and admissible cardinalities of the component 
of t-fold MDS. 

Key words: MDS code, latin bitrade, component. 

AHHOTai];HH 

rtoflMHOJKecTBO fc-3HaHHoro n-Mepnoro rHnepKy6a nasbiBaeTca jiaTiincKHM GnTpeitflOM 
ecjiH Mom;HOCTH ero nepeceHennii c oflHOMcpHbiMH rpanHMH rHnepKy6a npHHHMaiOT tojibko 
flBa snaHeHHH h 2. HafifleHbi Bce bosmoskhbic MenBiniie 2"'''^ nncjia, KOToptie HBjiHiOTca 

MOmHOCTHMH HeKOTOpblX JiaTHHCKHX GHTpCHflOB. 

XloflMHoacecTBO fc-anaHHoro n-Mepnoro rHnepKy6a nasbiBaeTCH i-KpaTHbiM M/],P-KOflOM, 
ecjiH OHO nepeceKacTCH c KajKfloft oflHOMepHoii rpaubio rHnepKy6a poBHO no t ajieMCHTaM. 

CHMMBTpHHeCKaH paSHOCTB flByX OflHOKpaTHblX M^P-KOflOB HBJiaeTCH JiaTHHCKHM 6HTpeH- 

ppM. IIojiyHeHHbie TaKUM o6pa30M GuTpefiflbi nasbiBaroTCH bjiojkhmbimh b MflP-KOfl, a ne- 
peceHCHHe SnTpeiifla c KajKflbiM h3 Asyx M^P-ko;i,ob HasbiBaeTca KOMnoneHTOii MflP-KOfla. 
B CTaTbe HCCJieflOBaHbi Bonpocbi o bjiojkhmocth jiaTiincKHx SuTpeftflOB b M^P-KOflbi h o 

B03M0>KHbIX MOni,HOCTHX KOMnOHBHT KOflOB. 

KjiKJHeBBie cjioBa: M/],P-ko/i„ jiaTHHCKuii GnTpeiifl, KOMnoHCHTa. 

§ 1. Onpe^ejiGHHa 

riycTb Qk = {0, 1, . . . , A; — 1}. OGosHaHHM nepea MHOJKecTBO ynopH/];oHeHHbix /c-hhhbix na- 
6opoB (BepniHH) fljiHHbi n. PaccmoHHueM XaMMuma d{x, y) uemflj BepniHHaMH x,y (z 
HasbiBaeTCH hhcjio no3Hii;HH, b KOToptix Ha6opbi x n y pasjiHHaroTCH. Hepes TQ^ o5o3HaHHM 
rpacj) MHHHMajibHbix paccTOHHHit MeTpHHecKoro npocTpancTBa (Q^ , d) . FpaHtw pasMepHocmu 
k HasbiBaeTCH no/],MHOJKecTBO rnnepKyGa Q^, cocTOHiii,ee h3 BepniHH c o^HHaKOBbiMH cJjhkch- 
poBaHHbiMH SHaneHHaMH neKOTopbix n — k Koop/],HHaT. B nacTHOCTH, odHOMepnasi zpaub na- 
npaeABHUH i, npoxoflamaa nepes BepnmHy (ai,...,a„) € Q^, onpe^ejiHeTCH KaK MHOJKecTBO 
{(ai, . . . ,ai_i,x,aj+i, . . . ,a„) | x G Qk}. 



*Pa6oTa BbinojiHena npH noAnepjKKe PoccHiicKoro (jsoHfla (JjyHflaMeHTajibHbix HCCjieflOBaHHii (npocKTbi 10-01- 
00424, 10-01-00616)h OllII <Hay^Hbie h HayHHO-neflarorHiecKHe Ka^pbi HHHOBaLi,HOHHOH Pocchh> na 2009-2013 
rr. (roc. KOHTpaKT N'- 02.740.11.0429) 
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MffP-KodoM (c paccmoHHueM 2) nasbiBaeTCH MHOJKecTBO M C nepeceKaioiii,eecH c KaJK^oii 
oflHOMepHOH rpaHbK) poBHO no oflHOMy 3jieMeHTy. HeTpyflHO BHfleTt., hto MHOJKecTBO M C 
HBjiaeTCH M^P-KOflOM Tor/],a h tojibko Tor^a, Kor^a oho hmbbt MomHOCTb k^~^ h paccTOHHHe 
MejK/i,y jiK)6biMH fxeymsi pa3jiHHHbiMH sjieivieHTaMH ii3 M He Menee /iByx. MnoJKecTBO nasbi- 
BaeTCH t-KpamnuM MflP-KodoM, ecjiH oho nepeceKaeTCH c KajK^oit o/i,HOMepHOH rpanbro poBHO 
HO t 3jieMeHTaM. t-KpaTHbift M^P-ko/; nasbiBaeTCH pacw^eriAfieMUM, ecjiH oh HBjiaeTCH o6'be/],H- 
HeHHeM t oflHOKpaTHbix M^P-KO/],OB. KpaTHbie Hepacn];eHjiHeMbie M^P-ko^m paccMaTpHBaioTCH 
B [T]. noHSTHe KpaTHoro M^P-Ko^a c paccTOHHHeM d coBna^aeT c HOHHTHeM Koppejiau,HOHo- 
HMMyHHOH 4)yHKH;HH Hopa/iKa n — d+ \ b Q^. 

MnoJKecTBO B C nasbiBaeTca AamuncKUM 6umpeudoM, ecjiH mohi;hocth ero nepecene- 

HHH C OflHOMepHblMH rpaHHMH HpHHHMaiOT TOJIbKO flBa 3HaHeHHH H 2. JIaTHHCKHH 6HTpeH/], 

B C SyfleM nasbiBaTb deydoAbuuM, ecjiH HO/;rpa4) rpacj^a TQ^ nopoJKfleHHbiti mho^kbctbom 
BepmHH B HBjiHeTca flByflojibHbiM. 5Icho, hto CHMMeTpHHecKaa pasHOCTb ^Byx M/],P-ko/;ob hb- 
jiaeTCH flByflOJibHbiM GuTpeApflM. JlaTHHCKHH 6HTpeiifl B 6yfleM HasbiBaTb bjiookumum b M/],P- 
KOfl Ml (bosmojkho KpaTHbiit), ecjiH naiifleTca TaKofi M^P-KOfl M2 (toh >Ke KpaTHOCTn), hto 
S = M1AM2. B 3TOM cjiynae mho^kcctbo B n Mi nasbiBaeTcs KOMnoHenmou M^P-Ko/],a Mi. 

§ 2. BHTpen^M 

Cjie/i,yioH],He flBa yTBepjK/],eHHH ^OKasanbi b npn fc = 4, o/];HaKO /],OKa3aTejibCTBO npn npoHS- 

BOJIbHOM k >2 TOHHO TaKoe JKe. 

IIpefljiojKeHHe 1. IlycTb B C jiaTHHCKHti 6iiTpe&fl,, Tor^a \B\ > 2". 

npe/i,JiojKeHHe 2. JJycTb B C JiaTHHCKHH 6iiTpeHfl,. Cnefl^ymmiie ycjioBHa aKBHsajieHTHbi: 
a) \B\ = 2", 

/?Ji^ jrfo6oH m-MepHoti rpaHH MomHOCTb ee nepeceneHna c B paBHaercsi hjih 2*", 
cj i? nepecexaeTca TOjibKO c fl^Byua rnneprpaHaMH KaiKfl,oro HanpaBjieHHa, 
d ) no/i,rpa4) rpacpa TQ"^ nopoyKfl^eHUbm mhoxcctbom B HSOMopcpcH Gyjiesy Ky6y TQ2 ■ 

Hs HpeflJioJKeHHH [1] HBHOcpeflCTBeHHO BbiTeKaeT, HTO B Q2 cyH];ecTByeT eflHHCTBeHHbiH 6ht- 
pefi/],, coBHa/i;aK)n];HH co bcbm MHoacecTBOM Qg- Bmhhcjihm hhcjio GnTpeft^OB b Q^. 

npe/i,JiojKeHHe 3. B rHnepKy6e iiueeTca poBno 2^" pasjiH^Hbix jiaTHHCKHX 6HTpeHflOB. 

^OKASATEJlbCTBO. PaCCMOTpHM HpOHSBOJIbHOe HOflMHOJKeCTBO A C {0, 1}" C . 

IIoKajKeM, HTO cyn^ecTByeT TaKoft GHTpeit/i; B C Q3 , hto Bn{0, 1}" = A. OHpe;i;ejiHM HacTHHHbiii 
HopH/i,OK Ha Q3: < 2, 1 < 2, a chmbojim h 1 HecpaBHHMbi. HycTb (xi, . . . E {0, 1}" h 
(yi, . . . , Un) G Q3 \ {0, 1}". BBe/],eM oGosnaneHHe {xi, . . . , Xn) < {yi, ■ ■ ■ , y-n), ecjiH p^jia jiio6oro 
i = 1, . . . , n BepHO, HTO Xi < yi hjih Xi = yi. OnpeflejiHM 4)yHKH,Hio / : Q3 {0, 1} paBencTBOM 

_ fx^(y) npH ye{o,ir, 

f^y^ = ] ex^(x) npH y^{o,ir, 

rfle x"^ — xapaKTepHCTHHecKan 4)yHKU,Ha MHOJKecTBa A. Hs OHpe/];ejieHHa HMeeM paBencTBO 

/(ai, . . . , fli-i, 2, Oj+i, . . . , a„) = /(ai, . . . , aj_i, 0, Oj+i, . . . , a„) © /(ai, . . . , aj_i, 1, Oj+i, . . . , a^) 

fljiH jHo6bix Uj G Q3. Tor/],a / — xapaKTepHCTHHecKaa 4)yHKu;HH nexoToporo 6HTpeHfla B C Q^^. 
OneBH/iHO, HTO xapaKTepHCTHHecKaH 4)yHKH;HH GuTpeap^a b hojihoctbio onpe/iejiHeTCH cbohm 
cyjKeHHeM na {0, 1}" h MHOJKecTBO HOflMHOJKecTB 6yjieBa n-Ky6a {0, 1}" HMeeT Mom;HOCTb 2^". 
A 
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OTMeTHM, HTO B cooTBeTCTBHH c onpe/];ejieHneM 6yjieBa 4)yHKii,HH /|{o,2}" HBjiaeTca npeo6pa- 
30BaHneM Me6Hyca ot 4)yHKLi;HH x^- 

IIpH k > A HHCjio H flajKe acHMHTOTHKa jiorapHcJaMa HHCjia jiaTHHCKHX GnTpeftflOB ocTaioTca 

HeHSBeCTHblMH. OcTaeTCH OTKpblTMM BOnpOC O HHCJie /];By/],OJIbHbIX 6nTpeH/],OB B Q"^ npH A: > 3. 

Bojiee no/],po6HO Bonpoc o Hiicjie GnTpeiiflOB b Q"^ a ero cbhbb c /],pyrHMH KOM6HHaTopHbiMH 
saflanaMH o5cy}KflaeTca b [6]. 

Cjie/],yiomee npe^JioJKeHHe o6ecneHHBaeT KOHCTpyKTHBHbiit cnocoG nocTpoeHiia 6HTpeH/],OB. 

IIpefljiojKeHHe 4. 

fl^exapTOBO npoHssefleHHe fl^syx jiaTiiHCKiix GuTpeAflOB aBjiaexca jiaTHHCKHM GnrpeH/jOM; 
h) fl^exapTOBO npoasBefl^euiie fl,Byx /i,By/i,ojibHbix 6HTpen^OB aBjiaexcsi ffByfl,ojibHbiM GiiTpeti- 

/JOM. 

^OKasaTejibCTBO nyHKTa (a) nenocpeflCTBeHHO BbiTexaeT h3 onpeflejieHHit, npn flOKasaTejib- 
CTBe nyHKTa (b) nojibsyeMca tcm, hto /],eKapTOBO npoHSBeflenne ^By^ojibKbix rpacJ^OB HBjiHeTca 
flBy/],ojibHbiM rpacJjOM. 

IIpefljiojKeHHe 5. 

a) CHMMexpH^ecKaa pasHOCTb (npn k=3) flfiyx jiaxMHCKHX 6iiTpeAfl,OB SBjiaerca jiaTHHCKHM 
GiiTpeiiflOM; 

b) ecjiH CHMMexpHHecKaa pasHOCTb fl^syx ffByfl^ojibUbix 6iiTpeAfl^oB aBjiaexca 6nTpeH/i;oM, a iix 
nepeceneHHe nopoyKfl^aeT csasHbrn nofl^rpacjp b mnepKyde, to CHMMeTpHHecKaa pasHocxb abjiaexca 

flByfl,OJIbHbIM 6lITpeHflOM. 

^OKasaTejibCTBO nyHKTa (a) nenocpeflCTBenno BbiTeKaeT W3 onpeflejiennfi, npn flOKasaTejib- 
CTBe nyHKTa (b) nojibsyeMca tbm, hto cbhshbih flByflojibHbiii rpacj) oflnosnanno pasflejiaeTca na 

flOJIH. 

IIpefljiojKeHHe 6. YlycTb B C Qu jiaTHHCKun 6iiTpettA II 2"^+^ > \B\ > 2". Toma \B\ = 
2"+i - 2^ me se{l,...,n}. 

^OKA3ATEJlL>CTBO. ByfleM flOKasbiBaTb yTBepjK^enHe MeTOflOM Hn/],yKn,HH no n. Hpn 
n = 1 yTBepjK/];eHHe OHeBHflno, npeflnojiojKHM oho Bepno npn n — 1. Ecjih jiaTnncKHH GuTpeA/i, 
B C Q"^ coflepjKHTCH B o6T.e/];HHeHHH flByx rHneprpaHeit KajKfloro HanpaBjienHH, to no npe^jio- 
jKeHHro[2]|S| = 2"^. 

IlycTb jiaTHHCKHit GnTpeit/i, B nepeceKacTCH c TpeMH rnneprpanHMH o/i,Horo nanpaBjiennH. 
Ecjih nepeceneHne xoth 6bi c oflnoii ns hhx hmbbt Moni,HOCTb Sojibmyro jih6o paBnyro 2", to no 
npe/];jioJKenHK) [1] HMeeM |-B| > 2"^^^. B npoTHBHOM cjiynae no npeflnojiojKennK) HHflyKu;HH HMeeM 
|S| = 3 • 2^^ - 2^1 - 2^^ - 2^3. nocKOjibKy nepabencTBO 2^i + 2^2 + 2'^^ > 2'^ BbinojiHeno TOJibKO 
Kor^a KaK MnnnMyM fXBSi W3 Tpex Sj paBnaioTCH n — 1, to HMeeM = 2"^"-*^ — 2'^. A 

IIpeflJiojKeHHe 7. fl,Jia jiioGoro s £ {0, . . . , n — 1} cymecTByeT /jBy/jojibHbiH 6nTpeii/i, Bg C 
TaKOH, HTO \Bs\ = 2"+i - 2''+i. 

^OKASATEJlbCTBO. Hs npefljiojKeHHH [4] H [5] cjieflyeT, hto MnoJKecTBO 
Bg = ({0,1}""'^ A {1,2}""'^) X {0,1}* HBjiHeTca flByflojibHbiM 6wTpevij\OM. OHeBH^no \B\ = 
2^(2"-^ + 2"-* -2). ▲ 



§ 3. M^P-Ko^bi 

HsBecTHO (cm, nanpHMep, |2]), hto Bce M^P-KO/i,bi b rnnepKyGe SKBHBajienTHbi npn KajK^OM 
n > 1. XapaKTepH3an;HH Bcex M^P-ko/];ob b rnnepKyGe Q"^ hmcctch b [5]. KaK 6bijio yKasano 
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Bbime, CHMMeTpiiHecKaa pasHOCTb M1AM2 flByx M/],P-KOflOB Mi h M2 HBJiJieTca 6HTpeiiflOM 

BJIOJKHMbIM B 3TH M^P-KOflbl. HeTpyflHO BHfleTb, HTO BJIOJKHMbie M^P-KOflbl HBJIHIOTCH flBy- 

/];ojibHbiMii, npHHeM KajK^aa h3 flojieit Mi fl (M1AM2) M2 PI (M1AM2) aBjiaeTca KOMnoHeHToit 
cooTBeTCTByiomero M^P-KO/];a. TaKHM o5pa30M b npe/];jio>KeHHH [6] nojiyneHbi orpaHHHCHHa na 

B03MO>KHbie MOmHOCTH KOMHOHeHT M^P-KO/],OB. HlIJKe paCCMOTpeH BOnpOC O BJIOJKHMOCTH 6hT- 
pefiflOB B M^P-KOflbl (b TOM HHCJie KpaTHbie). 

^jia npoHBBOJibHOH 4)yHKLi,HH / : — )• Qfc o5o3HaHHM ee rpacJ^HK Hepe3 M{f) = {{x, f{x)) : 
X € Qk}- EcjiH MHOJKecTBo M{f) HBjiHeTCH MJJP-KOflflM, TO 4)yHKii,HH / Ha3biBaeTC5i n-apHoit 
KBa3Hrpynnoit nopH/],Ka k. CooTBexcTBeHHO, HacTHHHoft n-apnoft KBa3HrpynnoH nopa^Ka k na- 
3biBaeTCH 4)yHKLi,HH, rpa4)HK KOTopofi nepeceKaeTCH c jiio6oit oflHOMepHoft rpanbio He 6ojiee hbm 
no offHoA BepniHHe. 

B [3j flOKa3aHO, hto jimSaa HacTHHHaa n-apnaa KBa3Hrpynna KoneHHoro nopaflKa BjioJKHMa 
B n-apnyio KBa3Hrpynny neKoxoporo 6ojibmero nopa^Ka. OTCK)/],a HeTpy/i,HO nojiyHHTb 

IIpefljiojKeHHe 8. JIio6oit fl^Byfl^ojibHbm jiaTiiHCKiiA 6HTpeH/i, B C bjioxhm b HeKOTopbiti 
M/],P-KOA M C Q!^, me m > k. 

IIpefljiojKeHHe 9. JIslthhckhr 6iiTpeHfl B C Q"^ TaKoii, hto 2""'"^ > \B\ > 2", ne bjio^khm b 
MffP-KOfl,bi M C Ql npH k = 3 Hk = A. 

^OKA3ATEJlbCTBO. HoCKOJIbKy BCe M^P-KOflbl B 3KBHBajieHTHbI npH JI1060M n, 

flocxaTOHHO paccMOTpexb npon3BOjibHbiii M/],P-KOfl b Q^, nanpHMep, M = {x G Q3 | xi + 
■ ■ ■ + Xn = 0mod3}. HeTpy/],HO BH^eTb, hto jiio6oh BjioJKHMbift B M GuTpe&fl^ co/],epjKHT Becb 
M^P-KO/i, M H HMeeT Momnocxb 2 • 3"""^. 

Hycxb fc = 4. PaccMoxpHM xpexMepnbie BjiojKHMbie GHxpeitflbi. IlojiHbiM nepe6opoM nexpyflHO 
y6eflHXbCH, hxo ecjrn BjiojKHMbiii b M^P-ko/i, M C Q| GHxpeft/; HMeex nepeceneHiie MomnocxH 
He Menee 6 c neKOTopoii ^ByMepHoit rpanbio, to Haiiflexca eme o^na flByMepnaa rpanb napaji- 
jiejibHaa nepBoit, nepeceneHHe c KoxopoH TaKJKe HMeex MOHi,Hocxb He Menee 6. KpoMe xoro, 
nojiHbiM Hepe6opoM mojkho npoBepnxb, hxo b 3xom cjiynae \B\ > 16 = 2^. Tor^a, npHMenaa Me- 
xofl HHflyKU,HH HOjiynaeM, hto ecjiH BjiojKHMbiH Gnxpelifl B' C Q2 HMeex nepeceneHHe moh^hocxh 
He Menee 6 c KaKoit-jinGo flfiyuepaoPL rpanbio, to \B'\ > 2"'*'^. H3 npe^uioacenna [TOl cjie jyex. hxo 
ecjiH nepecenenHe jiaxnncKoro Gnxpeiifla c JI1060H flByMepnoft rpanbio HMeex Mom,Hocxb Menbine 
6, X. e. paBnyio hjih 4, xo rpacj) nopo>K;],enHbiH GuTpeApflM B' aBjiaexca 6yjieBbiM n-Ky6oM.A 

Hycxb C — MHOJKecxBO flByxsjieMenxnbix noflMOJKecxB b Q4, \C\ = 6. Hycxb c € C, BBe^eM 
o6o3HaHeHHe c = Q4\c. KajKflaa 4)yHKu;Ha g : Q2 — > C B3aHMHO o/];H03nanno cooxBexcxByex mho- 
jKecxBy F{g) C Q2~^ , onpeflejiennoMy paBencxBOM F{g) = {(ai, . . . , an, a) | a € g{ai, ■ ■ ■ , an)}- 

Hexpy/i,HO BH/i,exb, hxo cnpaBe/],JiHBO cjieflyioin,ee 

IIpefljiojKeHHe 10. MnoiKecTBO F{g) C Q2~^^ aBjiaexcH flByKpaTHbiM M/I,P-KOflOM xorfla h 
TOjibKO Tor^a, Korfl,a fljiR jiio6oro c € C h jiio6oti ofl^HouepHom rpaum (pyHKi^na g npiiHiiMaex b 
Hen SHa^eHHH cue oflUHaKOBoe hucjio pas. 

IIpeflJiojKeHHe 11. fl,Jiii JimGoro s € {1, . . . , n} cymecTByex BjioxHMbin b fl^ByKpaxHbm MffP- 
KOfl M C Q4 JiaTHHCKHH 6HTpeHfl B C Q2 xaKott, HXO \B\ = 2"+^ — 2*. 

^OKASATEJlbCTBO. BBefleM o6o3HaHeHHa a = {0, 2}, /3 = {1,2}. OnpeflejiHM 4)yHK- 
n;HH 

{n 
a npn ^ = mod 2, 
a npn ^ = 1 mod 2; 
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g'{ai, ...,an) 



hs{ai, 





a 


npH 5(01,... 


■.an) 


= Q, (ai, . . . 


,an) ^{1,2}" 


= < 


a 


npii 5(01,... 


,an) 


= a, (oi, . . . 


,an) G {1,2}" 




a 


npH c/(oi,... 


, an) 


= a, (ai, . . . 


,an) 0{l,2r 




a 


npii c/(ai,... 


,an) 


= a, (ai, . . . 


,a„) G {1,2}" 




. . , On) npH 


(ai, . 


• • 5 O-n ) ^ , 








npH 


(ai, . 


. . ,a„) G -Bs, 


g'{ai, . . . ,a„) 






npH 


(ai, . 


. . ,a„) G -Bs, 


• • • ,an) 



a, 
a. 



Hs npefljiojKeHHH [TU] cjie/],yeT, hto MHOJKecTBa -^(5) h F{g') hbjihiotch flsyKpaTHbiMH M^P- 
KO/];aMH. Hs npeiiJioaceHHH [71 h [TOl noji vnaeM . hto MHOJKecTBO F{hs) SBjiaeTCH flByKpaTHbiM M^P- 
KOflOM. HeTpy/i;HO BH/ieTb, hto F(g')AF{hs) = Bg- A 

npnBe/;eM Ta6jiHii,bi 4)yHKLi;nit g, g' , hi npn n = 2 



\ 



/ (3 /3 a a \ 
(3 a P a 
a 13 /3 a 
\ a a a a / 

MojKHo noKasaTb, hto nocTpoeHHbie b npejjioaceHHH [TT] jBVKpaTHbie M^P-KOflbi F{hs) sb- 
jiHioTCH HepacmenjiaeMbiMH. 



/ a a a a 

a a a a 

a a a a 

\ a a a a / 



/ a a a a \ 

a a a a 

a a a a 

\ a a a a J 
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